
IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 27, NO. 1, JANUARY 2012 353
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of Multiwinding Transformers: Unification of

Terminal and Duality Models
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Abstract—In this paper, a new equivalent circuit for the leakage
inductance of multiwinding (or multisection) transformers is pre-
sented. The methods proposed in this paper unify terminal models
with models derived from the principle of duality between elec-
tric and magnetic equivalent circuits. The new model is identi-
fied as the terminal-duality model (TDM). The elements of the cir-
cuit in addition to properly representing the transformer behavior
at the terminals are physically related to flux paths in the trans-
former window. The circuit of the TDM consists of a set of mutu-
ally coupled inductors available in any circuit simulation program
and, in particular, available in all Electromagnetic Transients Pro-
gram-type programs. The circuit elements of the TDM can be com-
puted in two ways: 1) from the observation of the behavior of the
magnetic field in the transformer window (applying the principle
of duality) and 2) from measurements on short-circuit tests per-
formed at the transformer terminals. Both methods yield identical
results. The 2-D finite-element simulations are used to compute the
terminal behavior of a wide variety of winding configurations. Sev-
eral examples are presented for the illustration of the model capa-
bilities and validation.

Index Terms—Duality model, leakage impedance, leakage induc-
tance, terminal model, transformer equivalent circuit.

I. INTRODUCTION

T RANSFOMRER models used for steady-state studies
do not have enough accuracy for the computation of

electromagnetic transients [1]. Models exist that are suffi-
ciently accurate for the calculation of low-frequency transients
(less than 1 kHz) using time-domain simulations [1]–[3]. At
a low-frequency range, not only does the electromagnetic
field fully penetrate the windings, but also there is no need to
subdivide a winding into sections since the wavelength is very
large. Similarly, relatively good models for the simulation of
very-high frequency transients 1 MHz) are also available
[1], [4]–[18]. At very-high frequency, the magnetic flux does
not penetrate the windings and, consequently, there is no need
to represent the eddy currents dynamically. The challenge that
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all transformer modelers face is the accurate estimation of the
model parameters.

Only a few models exist for the mid- to high-frequency range,
where the dynamics of eddy currents need to be represented in
detail. The most advanced time-domain model for studies in this
frequency range was presented in [19] (derived from [20]). It is
capable of correctly representing the dynamic behavior of the
eddy currents in the winding over a wide frequency range [21].
However, it is not widely used, perhaps because it does not have
a standard equivalent circuit representation with components
available in Electromagnetic Transients Program (EMTP)-type
programs. Recently, Del Vecchio [22], [23] has extended the
model of [20] to multiterminals by using two winding leakage
inductances. This was further developed to three-winding trans-
formers in [24], relying on coupled equivalent circuits.

The contribution of this paper is the generalization of the
model of [24] applied to multisection windings effectively
unifying terminal models with duality derived models. The
new model is labeled as the terminal-duality model (TDM).
The TDM consists of a set of mutually coupled inductors that
are readily available in all EMTP-type programs. Each self-in-
ductor in the model physically represents a path of leakage flux
in the transformer window.

A series of examples is presented to illustrate the derivation,
use, and capabilities of the TDM. Validation is carried out with
finite-element simulations in 2-D and, when possible, with ex-
isting analytical formulas for simplified geometries.

II. LEAKAGE INDUCTANCE AND TESTS

The parameters of the proposed TDM can be calculated
from the standard impedance voltage tests [25] and nonstan-
dard short-circuit admittance tests. The former, the standard
impedance voltage tests, is carried out between a pair of wind-
ings (for example, winding and winding ). While winding is
energized, winding is short-circuited, keeping the remaining
windings in open circuit ( as shown in Fig. 1(a). From
this test, the leakage impedance between two windings is
calculated as (By neglecting the resistance, one can obtain the
leakage inductance .)

(1)

is the voltage source connected to the winding , is the
current flowing through the winding , is the current flowing
through the other windings, is the number of coils per phase,
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Fig. 1. (a) Standard leakage impedance tests on a multiwinding transformer.
(b) Short-circuit admittance tests on a multiwinding transformer.

and is the operator complex affected by the angular fre-
quency. This test is made for all of the possible
combinations of pairs of windings.

In the nonstandard short-circuit admittance tests, winding is
energized while the other windings are short-circuited as shown
in Fig. 1(b). From this test, the short-circuit admittance is
calculated as follows:

(2)

is the voltage source connected to winding , is the cur-
rent flowing through winding , and is the number of coils per
phase.

The previously described tests can be performed on a real
transformer in two ways: (1) by simulation, for example, by
using a finite-element model (FEM) or, (2) by means of labora-
tory measurements. Thus, a 2-D-FEM simulation for computing
leakage impedances and short-circuit admittances tests is devel-
oped. The commercial software package Flux 2D is used [26]
in all examples in this paper.

A 2-D model of a five concentric layer transformer (see
Fig. 2) is implemented in order to check the validity of the FEM
simulations. The leakage inductances obtained by the 2-D-FEM
simulations are collected in Table I and the resulting currents,
when a voltage source of 1 V is applied, are shown in the
second column of Table II. The numerical values are validated
with analytical results obtained by applying the well-known
design formula [27]:

(3)

where is the permeability of vacuum, is the number of
turns of winding , is the height of the windings, and are
the width and radius of winding ; and and are the width
and radius of the dielectric space between windings and .

From Table I, one can confirm that the differences between
the numerical and analytical results are under 5%. Note that the
differences increase as the separation distance between wind-
ings increases; the largest difference occurs between winding 1
and 5. This is so because (3) is only applicable when the mag-
netic field is vertical and for large separations, the field curves
a little. Therefore, it can be affirmed that not only can FEM be
used to compute terminal leakage measurements, but that the
obtained results are closer to reality than the formula.

Fig. 2. Winding configuration of a five-layer transformer.

TABLE I
LEAKAGE INDUCTANCES FOR A FIVE-LAYER TRANSFORMER

TABLE II
COMPUTED CURRENT FOR A FIVE-LAYER TRANSFORMER

III. TERMINAL AND DUALITY CIRCUITS

To compare the terminal and duality circuits, both models will
be applied to the five-layer transformer shown in Fig. 2.

A. Existing Terminal Circuits

The first terminal equivalent circuits for multiwinding trans-
formers are those proposed by Starr [28] and Boyajian [29],
[30]. These models regularly contain negative inductances (see
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Fig. 3. Terminal model for the five-winding transformer (Fig. 2).

Fig. 3); therefore, precluding any physical identification of the
circuit elements. There have been no problems reported using
terminal models (with negative inductances) for steady-state
calculations, but when used for transient simulations, these
terminal models may produce numerical oscillations [31].

Fig. 3 shows the terminal equivalent circuit of the transformer
in Fig. 2 (following [30]). The third column in Table II collects
the currents calculated for the leakage inductance tests with the
terminal model of Fig. 3. Differences between currents calcu-
lated with the terminal model and those computed with FEM
are collected in parentheses in the third column of Table II. One
can notice that the differences are very small (less than 0.6%).
Therefore, it is possible to conclude that the model of Fig. 3
properly represents the terminal behavior of the multiwinding
transformer of Fig. 2.

For the study of the electromagnetic transients, the most com-
monly used multiwinding (or multisection) transformer model
is perhaps BCTRAN, which is included in the EMTP; see [32]
and [33].

The BCTRAN model is based on the computation of the in-
verse leakage inductance matrix directly from standard tests at
the transformer terminals. Therefore, the inversion of an ill-con-
ditioned matrix is avoided. It is well known that the model is
numerically stable for multiwinding transformers.

The main disadvantage of the BCTRAN transformer model,
shared by all terminal models, is that the core geometry cannot
be taken into account accurately. In fact, there are no internal
nodes to connect the magnetizing branches. Therefore, the mag-
netizing phenomena are not considered properly. Magnetizing
branches (including losses) are simply added across the winding
closest to the core [33]. A detailed description of the BCTRAN
model is out of the scope of this paper. Note, however, that
the terminal behavior of the leakage inductance is stable and
correct.

B. Existing Duality Derived Circuits

There are several variations of models obtained from the ap-
plication of the principle of duality; see, for example, [1], [34],
and [35]. An inductor (transversal to the flux) is used to repre-
sent each flux path, but the terminal behavior, in most cases, is
not considered. Flux paths and, therefore, model topology are
selected according to the phenomena that are to be studied.

Fig. 4 shows the duality model for the multilayer transformer
of Fig. 2. The Table I column “Formula” shows the values of
the leakage inductances of the duality model. The fourth

Fig. 4. Duality model for the five-winding transformer (Fig. 2).

column in Table II collects the currents calculated with the du-
ality model of Fig. 4. Differences between currents calculated
with the duality model and those computed with FEM are col-
lected in parentheses in the fourth column of Table II. As can be
seen from the results, this model does not properly reproduce
the terminal response of the transformer even when the circuit
elements (inductors) physically represent a leakage path in the
window. Some of the errors are close to 15%.

IV. NEW TERMINAL-DUALITY CIRCUIT

In this section, a new circuit to model transformers with wind-
ings in any topology is proposed. The new circuit is derived
from the application of the principle of duality between electric
and magnetic equivalent circuits and simultaneously it is sup-
ported by both terminal-leakage measurements and short-cir-
cuit admittance measurements. Since the model unifies terminal
models with models derived from duality, the new model is re-
ferred as the TDM. The TDM consists of a network of mutu-
ally coupled inductances that can be easily implemented into
the environment of EMTP-type programs with readily available
components.

The TDM model solves the most important limitations of ex-
isting models for multiwinding (or multisection) transformers.
On one hand, the currently available duality models successfully
establish a one-to-one relationship between the circuit elements
and the building components of the transformer (core, windings,
and insulation). However, duality models pay no attention to the
terminal behavior and often there is a mismatch with terminal
leakage measurements. On the other hand, terminal models ac-
curately represent the behavior of the transformer leakage. How-
ever, the circuit elements cannot be related to the physical com-
ponents of the transformer; therefore, they produce difficulties
when trying to include the eddy current effects in the core and
windings in the model and/or the nonlinear behavior of the core.
The TDM can be retrofitted to include nonlinearities and eddy
currents while preserving the physical meaning of all its com-
ponents. This, however, is left for a sequel paper.

A. TDM for Layered Windings

To show the methodology used to create the TDM, the ge-
ometry of a transformer with -concentric windings arranged
in layers is chosen (see Fig. 5). A reluctance circuit has been
drawn in Fig. 5. It represents the magnetizing flux path with
reluctances and the leakage flux paths with reluctances

that are set in the transformer. Then, the principle of duality
is applied, and the inductance circuit is obtained as shown in
Fig. 6. To be in the position of fully and properly estimating
the behavior of a transformer with windings, the model must
have at least elements (or degrees of freedom)
according to the Boyajian rule [29]. To complement the TDM
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Fig. 5. Phase reluctance circuit for the multilayer transformer including core
and air paths.

Fig. 6. Phase inductance circuit including the magnetizing (core) and leakage
(air) elements.

Fig. 7. Phase electrical circuit of the TDM for a multilayer or multidisk wind-
ings including magnetizing and leakage elements.

Fig. 8. Phase leakage electric circuit of the TDM for multilayer or multidisk
windings.

model, one can take into account the mutual couplings between
the inductors. It has been shown in [24] that the mutual cou-
plings physically represent the thickness on the windings not
energized during the short-circuit tests. The complete electrical
circuit of TDM, including the magnetizing branches, is shown
in Fig. 7, where are the number of turns in each
winding and is the number of turns taken as reference.

In this paper, magnetizing branches are not considered ex-
cept, as shown in Fig. 7, to mark the connection points between
the two dual models (leakage and magnetizing).

The TDM for the transformer leakage is obtained from the du-
ality model and adding the mutual couplings as shown in Fig. 8.

The remainder of this section is dedicated to compute the pa-
rameters of the circuit from terminal tests. The electric circuit of
the TDM of Fig. 8 must satisfy Kirchhoff’s voltage law (KVL)
expressed as follows:

(4)

where is the voltage drop across branch , is the current
flowing through branch , and is the mutual inductance
between branches and .

Self-inductances and mutual inductances of the
TDM for a multilayer transformer are calculated from the
leakage inductances obtained from the standard leakage
impedance tests (1). Considering (4), the voltage of node to
ground is calculated as

(5)

Looking at the circuit of Fig. 8, one can realize that during a
short-circuit test between two windings (nodes in the dual cir-
cuit), only the inductors contained within the testing points carry
current. For example, when testing between points 1 and 2, only

carries current. When testing between points 1 and 3, and
carry current, but no current circulates in the other inductors.

This fact can be generalized as follows:

(6)

Substituting (6) into (5), we obtain

(7)

and the expression of the leakage inductance as a function
of the inductances of TDM becomes

(8)

Substituting in (8), the self-inductances in the
TDM are

(9)

From (9), one can see that the self-inductances of the TDM
are computed directly from the leakage inductance tests be-
tween two consecutive windings. This is in full agreement with
the principle of duality since these inductances represent the
paths of leakage flux between the two windings.

Substituting in (8), we obtain

(10)

Substituting and in (10) by and using
(9), and adding an auxiliary zero term to (10),
we obtain the following expression to compute :

(11)
Substituting in (8) yields

(12)
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Fig. 9. (a) Phase reluctance circuit (including core and air paths). (b) Phase
inductance circuit for the multidisk transformer (including leakage and
magnetization).

Substituting , , and in (12) by (9) and replacing
and in (12) by (11), can be calculated

as

(13)

Simplifying terms in (13), one gets

(14)
Comparing (11) and (14), the calculation of the mutual induc-

tances in the TDM can be generalized as follows:

(15)

Equation (15) is consistent with the expressions found in [24]
and [29] to compute the mutual couplings and negative induc-
tances, respectively, for three-winding transformers.

The TDM model is now complete and all of its elements can
be computed from leakage tests and using (9) and (15).

B. TDM for Disk Windings

The same methodology described before for layer-type wind-
ings can be applied directly to implement the TDM in trans-
formers with disk-type windings. According to Fig. 9(a), the

leakage magnetic flux paths between discs is set within
the transformer window. Consequently, the inductance circuit
of Fig. 9(b) is obtained. The topology of the leakage inductance
circuit is the same as the circuit of Fig. 6. Therefore, the elec-
tric circuit of the TDM for the multidisk transformer is shown
in Fig. 8.

Fig. 10. (a) Window geometry. (b) Phase reluctance circuit of a four non-
concentric winding transformer per phase (including core and air elements).
(c) Phase electric circuit of the TDM for a four nonconcentric winding trans-
former (including magnetizing and leakage elements).

C. TDM for Windings With General Topology

The TDM can be applied to arbitrary winding topologies.
Take, for example, the nonconcentric four-winding transformer
shown in Fig. 10(a). It can be seen that there is no symmetry,
and the windings (or sections) do not have uniform dimensions
or spacing. Here, four leakage flux paths can be distinguished,
resulting in the duality part of the model as shown in Fig. 10(b).
Thus, four mutually coupled inductances form the electric cir-
cuit of the TDM as illustrated in Fig. 10(c).

The self-inductances of the model are calculated from the
standard leakage inductance tests (experimentally measured or
numerically computed by FEM simulations). In order to be in
full agreement with the principle of duality, each pair of consec-
utive windings must fulfill the following expression:

(16)

where is the self inductance of the inductor in the TDM
circuit, and is obtained from the leakage inductance test
between the windings and . Note that it is also possible to
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obtain the leakage inductances from the geometrical dimensions
of the windings and spacing.

In this irregular case, the calculation of mutual inductances
does not have an analytical expression because the equations
system, which is obtained by applying the standard leakage
impedance tests (1) to the TDM, is indeterminate. However,
the mutual inductances can be conveniently obtained from
short-circuit admittance tests so that the model accurately
reproduces the terminal behavior of the transformer. The
short-circuit admittance tests satisfy the following expression:

(17)

where is the nodal vector of terminal voltages (with re-
spect to reference) and is the nodal vector of currents flowing
through the windings. The elements of the nodal admittance ma-
trix are the admittances computed (or measured) using (2)
from short-circuit tests.

In addition, the TDM satisfies the following branch-node
transformation (matrix) equations:

(18)

(19)

(20)

(21)

where is the branch impedance matrix of the TDM, and
are the branch vector of the voltages and currents, and is

the incidence matrix (node element). Combining (17) and (21),
the relationship between (the branch impedance matrix) of
the TDM and the short-circuit admittance matrix is given by

(22)

Neglecting the resistive part of the branch impedance, the fol-
lowing expression is obtained:

(23)

where is the branch (leakage) inductance matrix of the TDM.
The mutual inductances of are obtained numerically
from (23). For this, an error function is defined to search for
the minimum error in the solution of (23) as

(24)

The nonlinear system of (24) is solved iteratively, using,
for instance, the least squares routine in Matlab. The solution
process starts from an initial matrix defined as follows:

(25)

Thus, the solution to in (23) is reached when the value of
the error function is less than a small tolerance chosen by the
user. For example, in the general case studied in Section V-C,
the experience of the authors is that when fixing a relative error
smaller than , the solution converges within 20 iterations
successfully.

Fig. 11. Leakage electric circuit of the TDM for five concentric windings.

V. ILLUSTRATION EXAMPLES

A. Layer Winding

In this section, the leakage inductance matrix of the TDM is
calculated for the transformer of Fig. 2. The equivalent electric
circuit of the TDM is shown in Fig. 11. Table I (second column)
shows the leakage obtained by 2-D-FEM simulations. After ap-
plying (9) for the self-elements and (15) for the mutual elements,
the inductance matrix becomes

(26)
The standard leakage inductance test of Fig. 1(a) was imple-

mented to the circuit of Fig. 11 in Simulink. Tests conditions(1)
are imposed to the circuit to calculate the currents. Then, the
accuracy of the TDM is compared with the currents computed
with 2-D-FEM. The fifth column of Table II collects the cur-
rents calculated by TDM of Fig. 11. The differences between
the currents are in parentheses. One can see an almost perfect
match (maximum difference under 0.01%).

One can use the leakage inductance matrix (26) to compute
the induced voltage in the windings. For example, if winding 2
is energized and there is a load connected to winding 1 (with all
other windings in open circuit), the voltage induced in windings
3, 4, and 5 is larger than the voltage applied to winding 2 (in per
unit). This occurs because the induced voltage is proportional
to the flux that a winding links and the leakage flux is in the
same direction as the main (magnetizing) flux in the core. In
the Appendix, we show that under the aforementioned test, all
external windings link more flux lines than the internal winding
2 by a factor of ( is the thickness of winding 2)

(27)

B. Disk Winding

The geometric dimensions of a disk winding are shown in
Fig. 12. The electric equivalent circuit for the leakage induc-
tance of the TDM is shown in Fig. 11. Table III shows the in-
ductances obtained from the leakage tests from 2-D-FEM simu-
lations. The leakage inductance matrix is obtained from (9) and
(15) as in the previous case, yielding

(28)
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Fig. 12. Geometry of a five-disks transformer.

TABLE III
CURRENT AND LEAKAGE INDUCTANCE OF THE FIVE-DISK TRANSFORMER

To check the accuracy of the obtained TDM for the trans-
former of Fig. 12, the TDM is implemented in Simulink, and
the tests of Fig. 1(a) corresponding to (1) are performed. Cur-
rents calculated by TDM and those computed by 2-D-FEM are
compared in Table III. The differences are negligible.

C. General Winding

The TDM is obtained for the general topology transformer
shown in Fig. 10(a). Table IV shows the geometric dimensions
of the transformer. The magnetic flux distributions of the
leakage tests between each pair of windings are plotted in
Fig. 13. The leakage inductances obtained by the 2-D-FEM
model are collected in the second column of Table V. The
nodal admittance matrix obtained from the short-circuit tests
obtained with 2-D-FEM are

(29)

Fig. 13. 2-D-FEM magnetic flux distribution during leakage tests. (a) Test to
determine �� , �� , and �� . (b) Test to determine �� , �� , and �� .

TABLE IV
GEOMETRIC DIMENSIONS OF THE GENERAL WINDINGS TRANSFORMER

TABLE V
CURRENT AND LEAKAGE INDUCTANCE OF

THE GENERAL WINDINGS TRANSFORMER

The incidence matrix (30) is obtained by inspection of
Fig. 10(c) as

(30)

Then, the self-inductances of the TDM for this transformer
are calculated from (16), and the mutual inductances are com-
puted from (24) using as initial conditions (25). The results of
the minimization process are given by the following expression:

(31)
The electric circuit of the TDM was implemented in Simulink

to compute the current of the standard leakage tests (1). The
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TABLE VI
RESULTS OF THE INDUCED VOLTAGE TEST

accuracy of the TDM is examined by comparing the current
obtained with 2-D-FEM as shown in Table V. The differences
are less than 0.5%.

VI. CONCLUSION

This paper has presented a new equivalent circuit for the rep-
resentation of the leakage inductance of multiwinding (appli-
cable to multisection) transformers. Its most important feature
is that terminal and duality derived models are now unified and
all circuit elements have a clear physical meaning as flux paths
in the transformer window and simultaneously the terminal be-
havior is properly represented.

The circuit consists of a set of mutually coupled inductors.
In contrast with other methods, the elements of our model are
available in any circuit simulation program. This is of particular
significance for transient studies since mutually coupled induc-
tors are readily available in all EMTP-type simulation programs.

The circuit elements can be computed in three ways yielding
identical results: from design formulas, finite-element simula-
tions, or terminal short-circuit measurements.

A number of examples, ranging from layer, disk, and arbi-
trary winding designs have been presented for illustration of the
model. The validation of the model has been carried out by com-
paring the currents computed with the obtained circuit by sim-
ulating the standard tests against 2-D-FEM simulations.

It is believed that the physical meaning of the self-inductors
would enable proper modeling of eddy current effects directly
in the circuit. We intend to continue our research in that path
and present the results in a sequel paper.

APPENDIX

STUDY OF THE INDUCED VOLTAGE

In this section, we analyze the induced voltage of the five-
winding (layer-type) transformer using the leakage inductance
matrix (26). The test consists in energizing winding 2, con-
necting a load to winding 1, and leaving all other windings (3–5)
in open circuit. Figs. 7 and 8 help us visualize the circuit and
testing conditions.

We apply a voltage source 1.0 kV to winding 2, connect
a load of to winding 1, and compute the voltage and
current at the terminals of all windings. Table VI shows the re-
sults of the load test. One can detect that the voltage of windings
3–5 is higher than the voltage of the excited winding 2. For cor-
roboration, finite-element simulations were performed yielding
identical results.

To explain these results, we rely on Fig. 14 which shows the
idealized distribution of the magnetic flux during this test. We
note that because the energized winding is number 2, all of the
flux (magnetizing and leakage) is upwards. In the figure, we
also include the trapezoidal distribution of the leakage flux as
reference.

Fig. 14. Idealized magnetic flux distribution during load tests.

Using (3) and Fig. 14, we can obtain expressions for the
linked flux for each winding. Winding 1 links the magnetizing
flux and partially the leakage flux over winding 1, yielding

(32)

Winding 2 links all of the internal flux (magnetizing, leakage
over winding 1, and the flux in-between the windings) plus a
part of the leakage flux over winding 2, giving

(33)

Note that the denominator of in (33) is 2 while in (32),
it is 3. This is because winding 2 links the flux over winding 2
fully, while winding 1 links only this flux partially. Similarly,
all external windings (3–5) link the following flux:

(34)

Subtracting (33) from (34), we obtain

(35)

We note that all of the external windings link more flux than
the energized winding 2. Therefore, the induced voltage in
windings 3–5 is higher than the voltage of winding 2. The small
differences between the voltages of windings 3–5 are caused
by the fact that the actual distribution of the leakage flux is not
exactly as shown in Fig. 14, but reasonably close.
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